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Abstract
In this paper, we investigate the boundedness of some Volterra-type operators between
Zygmund type spaces. Then, we give the essential norms of such operators in terms of g, ϕ,
their derivatives and the n-th power ϕn of ϕ.
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1 Introduction
Let D = {z : |z| < 1} be the open unit disk in the complex plane C and ∂D = {z : |z| = 1} be
its boundary, and H(D) denote the set of all analytic functions on D.
For every 0 < α < ∞, we denote by Bα the Bloch type space of all functions f ∈ H(D)
satisfying
bα(f) = sup
z∈D
(1− |z|2)α|f ′(z)| <∞
endowed with the norm ‖f‖Bα = |f(0)| + b
α(f). The little Bloch type space Bα0 consists of all
f ∈ Bα satisfying lim|z|→1−(1 − |z|
2)α|f ′(z)| = 0, Bα0 is obviously the closed subspace of Z
α.
When α = 1, we get the classical Bloch space B1 = B and little Bloch space B10 = B0. It is
well-known that for 0 < α < 1, Bα is a subspace of H∞, the Banach space of bounded analytic
functions on D.
For 0 < α < ∞ we denote by Zα the Zygmund type space of those functions f ∈ H(D)
satisfying
sup
z∈D
(1− |z|2)α|f ′′(z)| <∞,
and the little Zymund type space Zα0 consists of all f ∈ Z
α satisfying lim|z|→1−(1−|z|
2)α|f ′′(z)| =
0, Zα0 is obviously the closed subspace of Z
α. It can easily proved that Zα is a Banach space
under the norm
‖f‖Zα = |f(0)|+ |f
′(0)|+ sup
z∈D
(1− |z|2)α|f ′′(z)| (1.1)
∗The research was supported by the National Natural Science Foundation of China (Grant No. 11571217) and
the Natural Science Foundation of Fujian Province, China(Grant No. 2015J01005).
†Corresponding author. E-mail address: ye shanli@aliyun.com; slye@zust.edu.cn
1
and that Zα0 is a closed subspace of Z
α. When α = 1, we get the classical Zygmund space
Z1 = Z and the little Zygmund space Z10 = Z0. It is clear that f ∈ Z if and only if f
′ ∈ B1.
We consider the weighted Banach spaces of analytic functions
H∞v = {f ∈ H(D) : ‖F‖v = sup
z∈D
v(z)|f(z)| <∞}
endowed with norm ‖ · ‖v, where the weight v : D → R+ is a continuous, strictly positive and
bounded function. The weight v is called radial, if v(z) = v(|z|) for all z ∈ D. For a weight
v the associated weight v˜ is definded by
v˜(z) = (sup{|f(z)| : f ∈ H∞v , ‖f‖v ≤ 1}
−1, z ∈ D.
We notice the standard weights vα(z) = (1 − |z|
2)α , where 0 < α < ∞ and it is well-known
that v˜α = vα. We also consider the logarithmic weight
vlog = (log
2
1− |z|2
)−1, z ∈ D.
It is straightforward to show that v˜log = vlog.
Let u be a fixed analytic function on D and an analytic self-map ϕ : D → D. Define a linear
operator uCϕ on the space of analytic functions on D, called a weighted composition operator,
by uCϕf = u ·(f ◦ϕ), where f is an analytic function on D. It is interesting to provide a function
theoretic characterization when ϕ and u induces a bounded or compact composition operator on
various function spaces. Some results on the boundedness and compactness of concrete operators
between some spaces of analytic functions one of which is of Zygmund-type can be found, e.g.,
in ([1, 4, 5, 6, 11, 12, 13, 14, 18, 19, 21]).
Suppose that g : D → C is a analytic map. Let Ug and Vg denote the Volterra-type operators
with the analytic symbol g on D respectively:
Ugf(z) =
∫ z
0
f(ξ)g′(ξ)dξ, z ∈ D.
and
Vgf(z) =
∫ z
0
f ′(ξ)g(ξ)dξ, z ∈ D.
If g(z) = z, then Ug is an integral operator. While g(z) = ln
1
1−z , then Ug is Cesa`ro operator.
Pommerenke introduced the V olterra type operator Ug and characterized the boundedness
of Ug between H
2 spaces in [10] . More recently, boundedness and compactness of V olterra type
operators between several spaces of analytic functions have been studied by many authors, one
may see in [17, 20].
In this paper, we consider the following integral-type operators, which were introduced by
Li and Stevic` (see e. g. [5, 7]), they can be defined by:
(CϕUgf)(z) =
∫ ϕ(z)
0
f(ξ)g′(ξ)dξ, (CϕVgf)(z) =
∫ ϕ(z)
0
f ′(ξ)g(ξ)dξ,
(UgCϕf)(z) =
∫ z
0
f(ϕ(ξ))g′(ξ)dξ, (VgCϕf)(z) =
∫ z
0
f ′(ϕ(ξ))g(ξ)dξ.
We will characterize the boundedness of those integral-type operators between Zygmund type
spaces, and also estimate their essential norms. The boundedness and compactness of these
operators on the logarithmic Bloch space have been characterized in [20].
2
Recall that essential norm ‖T‖e,X→Y of a bounded linear operator T : X → Y is defined
as the distance from T to K(X,Y ), the space of compact operators from X to Y , namely,
‖T‖e,X→Y = inf{‖T +K‖X→Y : K : X → Y is compact}.
It provides a measure of non-compactness of T. Clearly, T is compact if and only if ‖T‖e,X→Y =
0.
Throughout this paper, constants are denoted by C, they are positive and may differ from
one occurrence to the other. The notation a ≍ b means that there are positive constants C1, C2
such that C1a ≤ b ≤ C2a.
2 Boundedness
In order to prove the main results of this paper. we need some auxiliary results.
Lemma 2.1 ([1, 12]) For 0 < α < 2 and let {fn} be a bounded sequence in Z
α which
converges to 0 uniformly on compact subsets of D . Then limn→∞ supz∈D |fn(z)| = 0.
Lemma 2.2 ([1, 12]) For every f ∈ Zα where α > 0 we have:
(i) |f ′(z)| ≤ 21−α‖f‖Zα and |f(z)| ≤
2
1−α‖f‖Zα for every 0 < α < 1;
(ii) |f ′(z)| ≤ 2 log 21−|z|‖f‖Zα and |f(z)| ≤ ‖f‖Zα for α = 1;
(iii) |f ′(z)| ≤ 21−α
‖f‖Zα
(1−|z|)α−1
, for every α > 1;
(iv) |f(z)| ≤ 2(α−1)(2−α)‖f‖Zα , for every 1 < α < 2;
(v) |f(z)| ≤ 2 log 21−|z|‖f‖Zα , for every α = 2;
(vi) |f(z)| ≤ 2(α−1)(α−2)
‖f‖Zα
(1−|z|)α−2
, for every α > 2.
Lemma 2.3 ([1]) Let 0 < α <∞, v a radial, non-increasing weights tending to 0 at boundary
of D and the weighted composition operator uCϕ : Zα → H
∞
v be bounded.
(i) If 0 < α < 2, then uCϕ is a compact operator.
(ii)
‖uCϕ‖e,Z2→H∞v ≍ lim sup
n→∞
(log n)‖uϕn‖v
≍ lim sup
|ϕ(z)|→1
v(z)|u(z)| log
2
1− |ϕ(z)|2
.
(iii) If α > 2, then
‖uCϕ‖e,Zα→H∞v ≍ lim sup
n→∞
(n + 1)α−2‖uϕn‖v
≍ lim sup
|ϕ(z)|→1
v(z)|u(z)|
(1− |ϕ(z)|2)α−2
.
The following lemma is due to [2] and [8].
Lemma 2.4 Let v and w be radial, non-increasing weights tending to zero at the boundary
of D. Then
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(i) The weighted composition operator uCϕ maps H
∞
v into H
∞
w if and only if
supn≥0
‖uϕn‖w
‖zn‖v
≍ sup
z∈D
w(z)
v˜(ϕ(z))
|u(z)| <∞,
with norm comparable to the above supermum.
(ii)
‖uCϕ‖e,H∞v →H∞w = lim sup
n→∞
‖uϕn‖w
‖zn‖v
= lim sup
|ϕ(z)|→1
w(z)
v˜(ϕ(z))
|u(z)|.
Lemma 2.5 ([3]) For every 0 < α <∞, we have
lim
n→∞
(n+ 1)α‖zn‖vα = (
2α
e
)α (2.1)
and
lim
n→∞
(log n)‖zn‖vlog = 1. (2.2)
Theorem 2.1 Let ϕ be an analytic self-map of D and g ∈ H(D).
(i) If 0 < α < 1, then VgCϕ : Z
α → Zβ is a bounded operator if and only if g′ ∈ H∞vβ and
sup
n≥0
(n+ 1)α‖g(ϕ′)ϕn‖vβ ≍ sup
z∈D
(1− |z|2)β
(1− |ϕ(z)|2)α
|g(z)ϕ′(z)| <∞. (2.3)
(ii) If α = 1, then VgCϕ : Z
α → Zβ is a bounded operator if and only if
sup
n≥0
(n+ 1)‖g(ϕ′)ϕn‖vβ ≍ sup
z∈D
(1− |z|2)β
1− |ϕ(z)|2
|g(z)ϕ′(z)| <∞ (2.4)
and
sup
n≥0
(log n)‖g′ϕn‖vβ ≍ sup
z∈D
(1− |z|2)β log(
2
1− |ϕ(z)|2
)|g′(z)| <∞. (2.5)
(iii) If α > 1, then VgCϕ : Z
α → Zβ is a bounded operator if and only if
sup
n≥0
(n + 1)α‖g(ϕ′)ϕn‖vβ ≍ sup
z∈D
(1− |z|2)β
(1− |ϕ(z)|2)α
|g(z)ϕ′(z)| <∞ (2.6)
and
sup
n≥0
(n+ 1)α−1‖g′ϕn‖vβ ≍ sup
z∈D
(1− |z|2)β
(1− |ϕ(z)|2)α−1
|g′(z)| <∞. (2.7)
Proof Suppose that VgCϕ is bounded from Z
α to Zβ. Using the test functions f(z) = z and
f(z) = z2, we have
(1− |z|2)β |(VgCϕz)
′′| = (1− |z|2)β |g′(z)| <∞,
and
(1− |z|2)β|(VgCϕz
2)′′| = (1− |z|2)β |2ϕ′(z)g(z) + 2ϕ(z)g′(z)| <∞.
Since ϕ is a self-map, we get that g′ ∈ H∞vβ , ϕ
′g ∈ H∞vβ .
For every 0 < α <∞ and given nonzero a ∈ D. We take the test functions
fa(z) =
1
a
[
(1− |a|2)2
(1− az)αα
−
1− |a|2
(1− az)α−1
], (2.8)
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ha(z) =
1
a
∫ z
0
1− |a|2
(1− aw)α
dw, (2.9)
ga(z) = fa(z)− ha(z), (2.10)
for every z ∈ D. One can show that fa, ha, and ga are in Z
α
0 , sup 1
2
<a<1 ‖fa‖Zα < ∞ and
sup 1
2
<a<1 ‖ha‖Zα < ∞. Since g
′
a(a) = 0, g
′′
a(a) =
α
(1−|a|2)α , it follows that for all z ∈ D with
|ϕ(z)| > 12 , we have
+∞ > C‖ga‖Zα ≥ ‖VgCϕ(gϕ(z))‖Zβ
≥ (1− |z|2)β |ϕ′(z)g(z)||g′′ϕ(z)(ϕ(z))| − (1− |z|
2)β |g′(z)||g′ϕ(z)(ϕ(z))|
= (1− |z|2)β |ϕ′(z)g(z)||
α
(1 − |ϕ(z)|2)α
|.
Then
sup
z∈D
|ϕ′(z)g(z)|
(1− |z|2)β
(1 − |ϕ(z)|2)α
≤ sup
|ϕ(z)|≤ 1
2
|ϕ′(z)g(z)|(1 − |z|2)β
(1− |ϕ(z)|2)α
+ sup
|ϕ(z)|> 1
2
|ϕ′(z)g(z)|(1 − |z|2)β
(1− |ϕ(z)|2)α
≤ (
3
4
)α‖ϕg′‖vβ + C‖ga‖Zα <∞.
Now we use (2) and Lemma 2.4 to conclude that
sup
n≥0
(n+ 1)α‖g(ϕ′)ϕn‖vβ ≍ sup
z∈D
(1− |z|2)β
(1− |ϕ(z)|2)α
|g(z)ϕ′(z)| <∞,
which shows that (4) is necessary for all case.
Conversely, suppose that g′ ∈ H∞vβ and (4) hold. Assume that f ∈ Z
α. From Lemma 2.2, it
follows that
(1− |z|2)β |(VgCϕf)
′′(z)| = (1− |z|2)β||ϕ′(z)g(z)f ′′(ϕ(z)) + g′(z)f ′(ϕ(z))|
≤ (1− |z|2)β|ϕ′(z)g(z)f ′′(ϕ(z))| + (1− |z|2)β |g′(z)f ′(ϕ(z))|
≤
(1− |z|2)β
(1− |ϕ(z)|2)α
|ϕ′(z)g(z)|‖f‖Zα + C(1− |z|
2)β|g′(z)|‖f‖Zα
≤ C‖f‖Zα ,
|VgCϕ(f)(0)| = 0, and |(VgCϕf)
′(0)| = |f ′(ϕ(0))g(0)| ≤ ‖f‖Zα |g(ϕ(0))|,
which implies that VgCϕ is bounded. This completes the proof of (i).
Next we will prove (ii). The necessity in condition (5) has been proved above. Fixed a ∈ D
with |a| > 12 , we take the function
ka(z) =
p(az)
a
(log
1
1− |a|
)−1, (2.11)
for z ∈ D, where
p(z) = (z − 1)((1 + log
1
1− z
)2 + 1).
5
Then we have sup 1
2
<|a|<1 ‖ka‖Zα ≤ C by ([6]) . Let a = ϕ(z), it follows that
‖VgCϕ(kϕ(z))‖Zβ ≥ (1− |z|
2)β |g′(z)||k′ϕ(z)(ϕ(z))| − (1− |z|
2)β |ϕ′(z)g(z)||k′′ϕ(z)(ϕ(z))|
= (1− |z|2)β |g′(z)| log
1
1− |ϕ(z)|2
− (1− |z|2)β |ϕ′(z)g(z)||
α
(1 − |ϕ(z)|2)α
|.
Since (5) holds and VgCϕ is bounded, we obtain that
sup
|ϕ(z)|> 1
2
(1− |z|2)β log
1
1− |ϕ(z)|2
|g′(z)| ≤ sup
|ϕ(z)|> 1
2
(1− |z|2)β|ϕ′(z)g(z)||
α
(1 − |ϕ(z)|2)α
|
+ sup
|ϕ(z)|> 1
2
‖VgCϕ(kϕ(z))‖Zβ
< ∞.
Noting g′ ∈ H∞vβ , and together with (3) and Lemma 2.4, we conclude that (6) holds.
The converse implication can be shown as in the proof of (i).
Finally we will prove (iii). We have proved that (7) holds above. To prove (8), we take
function fϕ(z) defined in (9) for every z ∈ D with |ϕ(z)| >
1
2 , and obtain that
‖VgCϕ(fϕ(z))‖Zβ ≥ (1− |z|
2)β|g′(z)||f ′ϕ(z)(ϕ(z))| − (1− |z|
2)β|ϕ′(z)g(z)||f ′′ϕ(z)(ϕ(z))|
= (1− |z|2)β|g′(z)|
1
|ϕ(z)|(1 − |ϕ(z)|2)α−1
− (1− |z|2)β|ϕ′(z)g(z)||
2α
(1 − |ϕ(z)|2)α
|.
Since VgCϕ is bounded and (7) holds, we obtain that
sup
|ϕ(z)|> 1
2
(1− |z|2)β
(1− |ϕ(z)|2)α−1
|g′(z)| ≤ sup
|ϕ(z)|> 1
2
(1− |z|2)β |ϕ′(z)g(z)||
2α
(1 − |ϕ(z)|2)α
|
+ sup
|ϕ(z)|> 1
2
‖VgCϕ(fϕ(z))‖Zβ <∞,
therefore, we deduce that (8) holds by (2) and Lemma 2.4.
The converse implication can be shown as in the proof of (i).
Theorem 2.2 Let ϕ be an analytic self-map of D and g ∈ H(D).
(i) If 0 < α < 1, then CϕVg : Z
α → Zβ is a bounded operator if and only if ((g ◦ ϕ)(ϕ′′) +
(g′ ◦ ϕ)(ϕ′)2) ∈ H∞vβ and
sup
n≥0
(n+ 1)α‖(g ◦ ϕ)(ϕ′)2ϕn‖vβ ≍ sup
z∈D
(1− |z|2)β
(1− |ϕ(z)|2)α
|g(ϕ(z))(ϕ′(z))2| <∞. (2.12)
(ii) If α = 1, then CϕVg : Z
α → Zβ is a bounded operator if and only if
sup
n≥0
(n+ 1)‖(g ◦ ϕ)(ϕ′)2ϕn‖vβ ≍ sup
z∈D
(1− |z|2)β
1− |ϕ(z)|2
|g(ϕ(z))(ϕ′(z))2| <∞ (2.13)
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and
sup
n≥0
(log n)‖((g′ ◦ ϕ)(ϕ′)2 + (g ◦ ϕ)(ϕ′′))ϕn‖vβ ≍ sup
z∈D
(1− |z|2)β log
2
1− |ϕ(z)|2
×|g′(ϕ(z))(ϕ′(z))2 + (g(ϕ(z))ϕ′′(z)| <∞.
(2.14)
(iii) If α > 1, then CϕVg : Z
α → Zβ is a bounded operator if and only if (13) holds and
sup
n≥0
(n+ 1)α−1‖((g′ ◦ ϕ)(ϕ′)2 + (g ◦ ϕ)(ϕ′′))ϕn‖vβ ≍ sup
z∈D
(1− |z|2)β
(1− |ϕ(z)|2)α−1
×|g′(ϕ(z))(ϕ′(z))2 + (g(ϕ(z))ϕ′′(z)| <∞.
(2.15)
The proof is similar to that of Theorem 2.1, the details are omitted.
Theorem 2.3 Let ϕ be an analytic self-map of D and g ∈ H(D).
(i) If 0 < α < 1, then CϕUg : Z
α → Zβ is a bounded operator if and only if ((g′ ◦ ϕ)(ϕ′′) +
(g′′ ◦ ϕ)(ϕ′)2) ∈ H∞vβ and (g
′ ◦ ϕ)(ϕ′)2 ∈ H∞vβ .
(ii) If α = 1, then CϕUg : Z
α → Zβ is a bounded operator if and only if ((g′ ◦ϕ)(ϕ′′)+ (g′′ ◦
ϕ)(ϕ′)2) ∈ H∞vβ and
sup
n≥0
(log n)‖(g′ ◦ ϕ)(ϕ′)2ϕn‖vβ ≍ sup
z∈D
(1− |z|2)β log(
2
1− |ϕ(z)|2
)|g′(ϕ(z))(ϕ′(z))2| <∞, (2.16)
(iii) If 1 < α < 2, then CϕUg : Z
α → Zβ is a bounded operator if and only if ((g′ ◦ϕ)(ϕ′′)+
(g′′ ◦ ϕ)(ϕ′)2) ∈ H∞vβ and
sup
n≥0
(n+ 1)α−1‖((g′ ◦ ϕ)(ϕ′)2)ϕn‖vβ ≍ sup
z∈D
(1− |z|2)β
(1− |ϕ(z)|2)α−1
×|g′(ϕ(z))(ϕ′(z))2| <∞.
(2.17)
(iv) If α = 2, then CϕUg : Z
α → Zβ is a bounded operator if and only if
sup
n≥0
(n+ 1)‖((g′ ◦ ϕ)(ϕ′)2)ϕn‖vβ ≍ sup
z∈D
(1− |z|2)β
(1− |ϕ(z)|2)
×|g′(ϕ(z))(ϕ′(z))2| <∞
(2.18)
and
sup
n≥0
(log n)‖((g′′ ◦ ϕ)(ϕ′)2 + (g′ ◦ ϕ)ϕ′′)ϕn‖vβ ≍ sup
z∈D
(1− |z|2)β log(
2
(1 − |ϕ(z)|2)
)
×|g′′(ϕ(z))(ϕ′(z))2 + g′(ϕ(z))ϕ′′(z)| <∞.
(2.19)
(v) If α > 2, then CϕUg : Z
α → Zβ is a bounded operator if and only if (18) holds and
sup
n≥0
(n+ 1)α−2‖((g′′ ◦ ϕ)(ϕ′)2 + (g′ ◦ ϕ)ϕ′′)ϕn‖vβ ≍ sup
z∈D
(1− |z|2)β
(1− |ϕ(z)|2)α−2
×|g′′(ϕ(z))(ϕ′(z))2 + g′(ϕ(z))ϕ′′(z)| <∞.
(2.20)
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Proof Suppose that CϕUg is bounded from Z
α to Zβ.
(i) Case 0 < α < 1. Using functions f = 1 ∈ Zα and f = z ∈ Zα, we obtain
sup
z∈D
(1− |z|2)β|g′′(ϕ(z))(ϕ′(z))2 + g′(ϕ(z))ϕ′′(z)| <∞, (2.21)
and
sup
z∈D
(1− |z|2)β |g′(ϕ(z))(ϕ′(z))2| <∞. (2.22)
Then we obtain that ((g′ ◦ ϕ)(ϕ′′) + (g′′ ◦ ϕ)(ϕ′)2) ∈ H∞vβ and (g
′ ◦ ϕ)(ϕ′)2 ∈ H∞vβ are necessary
for all case.
For the converse implication, suppose that ((g′ ◦ ϕ)(ϕ′′) + (g′′ ◦ ϕ)(ϕ′)2) ∈ H∞vβ and (g
′ ◦
ϕ)(ϕ′)2 ∈ H∞vβ . For f ∈ Z
α, it follows from Lemma 2.2 that
(1− |z|2)β|(CϕUgf)
′′(z)| = (1− |z|2)β ||(ϕ′(z))2g′(ϕ(z))f ′(ϕ(z)) + (g′′(ϕ(z))(ϕ′(z))2
+ g′(ϕ(z))ϕ′′(z))f(ϕ(z))| ≤ (1− |z|2)β|(ϕ′(z))2g′(ϕ(z))f ′(ϕ(z))|
+ (1− |z|2)β |(g′′(ϕ(z))(ϕ′(z))2 + g′(ϕ(z))ϕ′′(z))f(ϕ(z))|
≤ (1− |z|2)β |(ϕ′(z))2g′(ϕ(z))|‖f‖Zα
+ (1− |z|2)β |g′′(ϕ(z))(ϕ′(z))2 + g′(ϕ(z))ϕ′′(z)|‖f‖Zα ≤ C‖f‖Zα ,
|CϕUg(f)(0)| = |
∫ ϕ(0)
0
f(ζ)g′(ζ)dζ|
≤ max
ζ≤|ϕ(0)|
|f(ζ)| max
ζ≤|ϕ(0)|
|g′(ζ)| ≤ max
ζ≤|ϕ(0)|
‖f‖Zα max
ζ≤|ϕ(0)|
|g′(ζ)|,
and
|(CϕUgf)
′(0)| = |f(ϕ(0))ϕ′(0)g′(ϕ(0))| ≤ ‖f‖Zα |ϕ
′(0)||g′(ϕ(0))|.
Then CϕUg is bounded. This completes the proof of (i).
(ii) Case α = 1. We consider the test function kϕ(z)(z) defined in (12) for every z ∈ D with
|ϕ(z)| > 12 . It follows that
‖CϕUgkϕ(z)‖Zβ ≥ sup
z∈D
(1− |z|2)β |(CϕUgkϕ(z))
′′(z)|
≥ sup
|ϕ(z)|> 1
2
log(
1
1− |ϕ(z)|2
)(1 − |z|2)β|(ϕ′(z))2g′(ϕ(z))|
− sup
|ϕ(z)|> 1
2
(1− |z|2)β|ϕ′′(z)g′(ϕ(z)) + g′′(ϕ(z))(ϕ(z))2 ||kϕ(z)(ϕ(z))|.
Since ((g′ ◦ ϕ)(ϕ′′) + (g′′ ◦ ϕ)(ϕ′)2) ∈ H∞vβ , and sup
|ϕ(z)|> 1
2
‖CϕUgkϕ(z)‖Z1 ≤ C, we get
sup
|ϕ(z)|> 1
2
log
1
1− |ϕ(z)|2
(1− |z|2)β|(ϕ′(z))2g′(ϕ(z))|
≤ sup
|ϕ(z)|> 1
2
(1− |z|2)β|ϕ′′(z)g′(ϕ(z)) + g′′(ϕ(z))(ϕ(z))2 ||kϕ(z)(ϕ(z))| + ‖CϕUgkϕ(z)‖ <∞.
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Then we have
sup
z∈D
log(
1
1− |ϕ(z)|2
)(1− |z|2)β |(ϕ′(z))2g′(ϕ(z))|
≤ sup
|ϕ(z)|≤ 1
2
log(
1
1− |ϕ(z)|2
)(1 − |z|2)β|(ϕ′(z))2g′(ϕ(z))|
+ sup
|ϕ(z)|> 1
2
log(
1
1− |ϕ(z)|2
)(1 − |z|2)β|(ϕ′(z))2g′(ϕ(z))|
≤ C + log(
4
3
)‖(g′ ◦ ϕ)(ϕ′)2‖vβ <∞.
On the other hand, from (3) and Lemma 2.4, we have
sup
n≥0
(log n)‖(g′ ◦ ϕ)(ϕ′)2ϕn‖vβ ≍ sup
z∈D
(1− |z|2)β log(
2
1− |ϕ(z)|2
)|g′(ϕ(z))(ϕ′(z))2|.
Hence (17) holds.
The converse implication can be shown as in the proof of (i).
(iii) Case 1 < α < 2. ((g′ ◦ ϕ)(ϕ′′) + (g′′ ◦ ϕ)(ϕ′)2) ∈ H∞vβ has been proved above. We take
the test function fϕ(z) in (9) for every z ∈ D with |ϕ(z)| >
1
2 , by the same way as (ii), we can
obtain that (18) holds.
The converse implication can be shown as in the proof of (i).
(iv) Case α = 2. We have prove that (19) holds above. To prove (20), we consider another
test function ta(z) = log
2
1−az . Clearly ta ∈ Z
2 and sup 1
2
<|a|<1 ‖ta‖Z2 < ∞. For every z ∈ D
with |ϕ(z)| > 12 , it follows that
sup
z∈D
(1− |z|2)β|(CϕUgta)
′′(z)| ≥ sup
|ϕ(z)|> 1
2
log(
1
1− |ϕ(z)|2
)(1 − |z|2)β|(ϕ′(z))2g′′(ϕ(z))
+ g′(ϕ(z))ϕ′′(z)| − sup
|ϕ(z)|> 1
2
(1− |z|2)β
1− |ϕ(z)|2
|g′(ϕ(z))(ϕ(z))2 |.
Applying (19) we get
sup
|ϕ(z)|> 1
2
log(
1
1− |ϕ(z)|2
)(1 − |z|2)β|(ϕ′(z))2g′′(ϕ(z)) + g′(ϕ(z))ϕ′′(z)|
≤ sup
|ϕ(z)|> 1
2
(1− |z|2)β
1− |ϕ(z)|2
|g′(ϕ(z))(ϕ(z))2 |+ ‖CϕUgta‖ <∞.
Noting ((g′ ◦ϕ)(ϕ′′) + (g′′ ◦ϕ)(ϕ′)2) ∈ H∞vβ , and using Lemma 2.4 and (3), we conclude that
(20) holds.
(v) Case α > 2. We have proved that (18) holds above. Applying test function fϕ(z) in (9)
for every z ∈ D with |ϕ(z)| > 12 , we have
S1 = sup
|ϕ(z)|> 1
2
(1− |z|2)β |
(ϕ′(z))2g′(ϕ(z))
ϕ(z)(1− |ϕ(z)|2)α−1
| = sup
|ϕ(z)|> 1
2
(1− |z|2)β |(ϕ′(z))2g′(ϕ(z))||f ′ϕ(z)(ϕ(z))|
≤ sup
|ϕ(z)|> 1
2
‖CϕUg(fϕ(z))‖Zβ <∞.
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With the same calculation for test function tϕ(z)(ϕ(z)) =
(1−|ϕ(z)|2)2
(1−ϕ(z)z)α
with |ϕ(z)| > 12 , then
sup|ϕ(z)|> 1
2
‖tϕ(z)‖Zα ≤ C, and we have that
S2 = sup
|ϕ(z)|> 1
2
(1− |z|2)β |
(ϕ′(z))2g′′(ϕ(z)) + g′(ϕ(z))ϕ′′(z)
(1− |ϕ(z)|2)α−2
+ αϕ(z)
(ϕ′(z))2g′(ϕ(z))
(1− |ϕ(z)|2)α−1
|
= sup
|ϕ(z)|> 1
2
(1− |z|2)β |(CϕUg(tϕ(z)))
′′(ϕ(z))| ≤ ‖CϕUg‖Zα→Zβ sup
|ϕ(z)|> 1
2
‖tϕ(z)‖Zα <∞.
Therefore,
sup
|ϕ(z)|> 1
2
(1− |z|2)β |
(ϕ′(z))2g′′(ϕ(z)) + g′(ϕ(z))ϕ′′(z)
(1− |ϕ(z)|2)α−2
|
≤ S2 + α sup
|ϕ(z)|> 1
2
|(ϕ′(z))2g′(ϕ(z))|
(1− |ϕ(z)|2)α−1
≤ S2 + α sup
|ϕ(z)|> 1
2
|(ϕ′(z))2g′(ϕ(z))|
|ϕ(z)|(1− |ϕ(z)|2)α−1
≤ S2 + αS1 <∞.
Since ((g′ ◦ ϕ)(ϕ′′) + (g′′ ◦ ϕ)(ϕ′)2) ∈ H∞vβ , we conclude that (21) holds.
Theorem 2.4 Let ϕ be an analytic self-map of D and g ∈ H(D).
(i) If 0 < α < 1, then UgCϕ : Z
α → Zβ is a bounded operator if and only if g′ϕ′ ∈ H∞vβ
and g′′ ∈ H∞vβ .
(ii) If α = 1, then UgCϕ : Z
α → Zβ is a bounded operator if and only if g′′ ∈ H∞vβ and
sup
n≥0
(log n)‖(g′ϕ′)ϕn‖vβ ≍ sup
z∈D
(1− |z|2)β log
2
1− |ϕ(z)|2
|g′(z)ϕ′(z)| <∞. (2.23)
(iii) If 1 < α < 2, then UgCϕ : Z
α → Zβ is a bounded operator if and only if g′′ ∈ H∞vβ
and
sup
n≥0
(n+ 1)α−1‖(g′ϕ′)ϕn‖vβ ≍ sup
z∈D
(1− |z|2)β
(1− |ϕ(z)|2)α−1
|g′(z)ϕ′(z)| <∞. (2.24)
(iv) If α = 2, then UgCϕ : Z
α → Zβ is a bounded operator if and only if
sup
n≥0
(n+ 1)‖(g′ϕ′)ϕn‖vβ ≍ sup
z∈D
(1− |z|2)β
(1− |ϕ(z)|2)
|g′(z)ϕ′(z)| <∞, (2.25)
and
sup
n≥0
(log n)‖(g′′)ϕn‖vβ ≍ sup
z∈D
(1− |z|2)β log
2
(1− |ϕ(z)|2)
|g′′(z)| <∞. (2.26)
(v) If α > 2, then UgCϕ : Z
α → Zβ is a bounded operator if and only if (25) holds and
sup
n≥0
(n + 1)α−2‖(g′′)ϕn‖vβ ≍ sup
z∈D
(1− |z|2)β
(1− |ϕ(z)|2)α−2
|g′′(z)| <∞. (2.27)
The proof is similar to that of Theorem 2.3, the details are omitted.
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3 Essential norms
In this section we estimate the essential norms of these integral-type operators on Zygmund type
spaces in terms of g, ϕ, their derivatives and the n-th power ϕn of ϕ.
Let Z˜α = {f ∈ Zα : f(0) = f ′(0) = 0} and B˜α = {f ∈ Bα : f(0) = 0}. We note that every
compact operator T ∈ K(Z˜α,Zβ) can be extended to a compact operator K ∈ K(Zα,Zβ).
In fact, for every f ∈ Zα, f − f(0) − f ′(0)z ∈ Z˜α, and we can define K(f) = T (f − f(0) −
f ′(0)z) + f(0) + f ′(0))z.
For r ∈ (0, 1), we consider the compact operator Kr : Z
α → Zβ defined by Krf(z) = f(rz).
Lemma 3.1 If X(VgCϕ, CϕVg, CϕUg, UgCϕ) is a bounded operator from Z
α to Zβ space, then
‖X‖e,Zα→Zβ = ‖X‖e,Z˜α→Zβ .
Proof Clearly ‖X‖e,Zα→Zβ ≥ ‖X‖e,Z˜α→Zβ . Then we prove ‖X‖e,Zα→Zβ ≤ ‖X‖e,Z˜α→Zβ .
Let T ∈ K(Zα,Zβ) be given. Let {rn} be an increasing sequence in (0, 1) converging to 1
and A = {h|h = a+ bz}, the closed subspace of Zα. Then
‖X − T‖Zα→Zβ = sup
f∈Zα,‖f‖Zα≤1
‖X(f)− T (f)‖Zα→Zβ
≤ sup
f∈Zα,‖f‖Zα≤1
‖X(f − f(0)− f ′(0)z) − T (f − f(0)− f ′(0)z)‖Zα→Zβ
+ sup
f∈Zα,‖f‖Zα≤1
‖X(f(0) + f ′(0)z) − T (f(0) + f ′(0)z)‖Zα→Zβ
≤ sup
g∈Z˜α,‖g‖Zα≤1
‖X(g) − T |
Z˜α
(g)‖Zα→Zβ + sup
h∈α,‖h‖α≤1
‖X(h) − T |α(h)‖Zα→Zβ .
Hence
inf
T∈K(Zα,Zβ)
‖X − T‖Zα→Zβ ≤ inf
T∈K(Zα,Zβ)
‖X − T |
Z˜α
‖Zα→Zβ + inf
T∈K(Zα,Zβ)
‖X − T |α‖Zα→Zβ
≤ ‖X‖
e,Z˜α→Zβ
+ lim
n→∞
‖X(I −Krn)‖α→Zβ .
Since lim
n→∞
‖X(I − Krn)‖α→Zβ = 0, we have, ‖X‖e,Zα→Zβ ≤ ‖X‖e,Z˜α→Zβ , and the proof is
finished .
Let Dα : Z
α → Bα and Sα : B
α → H∞vα be the derivative operators. Then clearly
Dα and Sα are linear isometries on Z˜α and B˜α, respectively and
SβDβVgCϕD
−1
α S
−1
α = g(ϕ
′)Cϕ + g
′CϕS
−1
α ,
Therefore
‖VgCϕ‖e,Z˜α→Zβ ≤ ‖g
′Cϕ‖e,B˜α→H∞vβ
+ ‖g(ϕ′)Cϕ‖e,H∞vα→H∞vβ
. (3.1)
Similarly, we have
SβDβCϕVgD
−1
α S
−1
α = (g ◦ ϕ(ϕ
′)2)Cϕ + (g
′ ◦ ϕ(ϕ′)2 + g ◦ ϕ(ϕ′′))CϕS
−1
α ,
‖CϕVg‖e,Z˜α→Zβ ≤ ‖((g
′ ◦ϕ(ϕ′)2))Cϕ‖e,H∞vα→H∞vβ
+‖((g′ ◦ϕ)(ϕ′)2+g◦ϕ(ϕ′′))Cϕ‖e,B˜α→H∞vβ
. (3.2)
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SβDβCϕUgD
−1
α S
−1
α = (g
′′ ◦ ϕ(ϕ′)2 + g′ ◦ ϕ(ϕ′′))CϕD
−1
α S
−1
α + (g
′ ◦ ϕ(ϕ′)2)CϕS
−1
α ,
‖CϕUg‖e,Z˜α→Zβ ≤ ‖((g
′◦ϕ)(ϕ′)2)Cϕ‖e,B˜α→H∞vβ
+‖((g′′◦ϕ)(ϕ′)2+g′◦ϕ(ϕ′′))Cϕ‖e,Z˜α→H∞vβ
. (3.3)
SβDβUgCϕD
−1
α S
−1
α = g
′′CϕD
−1
α S
−1
α + g
′(ϕ′)CϕS
−1
α ,
‖UgCϕ‖e,Z˜α→Zβ ≤ ‖g
′(ϕ′)‖
e,B˜α→H∞vβ
+ ‖g′′Cϕ‖e,Z˜α→H∞vβ
. (3.4)
Theorem 3.1 Let ϕ be an analytic self-map of D and g ∈ H(D), and VgCϕ : Z
α → Zβ is a
bounded operator.
(i) If 0 < α < 1, then
‖VgCϕ‖e,Zα→Zβ ≍ lim sup
n→∞
(n+ 1)α‖(gϕ′)ϕn‖vβ . (3.5)
(ii) If α = 1, then
‖VgCϕ‖e,Z→Zβ ≍ max{lim sup
n→∞
(n + 1)‖(gϕ′)ϕn‖vβ , lim sup
n→∞
(log n)‖(g′)ϕn‖vβ}. (3.6)
(iii) If α > 1, then
‖VgCϕ‖e,Zα→Zβ ≍ max{lim sup
n→∞
(n+ 1)α‖(gϕ′)ϕn‖vβ , lim sup
n→∞
(n+ 1)α−1‖(g′)ϕn‖vβ}. (3.7)
Proof (i) We start with the upper bound. First we show that g′Cϕ is a compact weighted
composition operator for Bα into H∞vβ . Suppose that {fn} is bounded sequence in B
α. From
Lemma 3.6 in [9], {fn} has a subsequence {fnk} which converges uniformly on D to a function,
which we can assume to be identically zero. Then it follows from Theorem 2.1 and Lemma 2.1
that
lim
k→∞
sup
z∈D
(1− |z|2)β |g′(z)||fnk(ϕ(z))| ≤ C lim
k→∞
sup
z∈D
|fnk(z)| = 0,
which shows that g′Cϕ : B
α → H∞vβ is a compact operator and ‖g
′Cϕ‖e,Bα→H∞vβ
= 0. Applying
(29), Lemma 2.5 and 3.1, we get that
‖VgCϕ‖e,Zα→Zβ ≤ ‖g(ϕ
′)Cϕ‖e,H∞vα→H∞vβ
= lim sup
|ϕ(z)|→1
(1− |z|2)β
(1− |ϕ(z)|2)α
|g(z)ϕ′(z)|
= lim sup
n→∞
‖(gϕ′)ϕn‖vβ
‖zn‖vα
= (
e
2α
)α lim sup
n→∞
(n+ 1)α‖(gϕ′)ϕn‖vβ .
For the lower bound, let {zn} ⊆ D with |ϕ(zn)| >
1
2 and |ϕ(zn)| → 1 as n→∞. Taking
gn = gϕ(zn) defined in (11), we obtain that {gn} is bounded sequence in Z
α
0 converging
to 0 uniformly on compact subset of D and sup
n∈N
‖gn‖Zα ≤ C. For every compact operator
T : Zα → Zβ ,
C‖VgCϕ − T‖Zα→Zβ ≥ lim sup
n→∞
‖VgCϕgn‖Zβ − lim sup
n→∞
‖T (gn)‖Zβ
≥ α lim sup
n→∞
(1− |zn|
2)β
|g(zn)ϕ
′(zn)|
(1− |ϕ(zn)|2)α
.
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Now we use (2) and Lemma 2.4 to obtain that
‖VgCϕ‖e,Zα→Zβ ≥ ‖VgCϕ − T‖Zα→Zβ ≥
α
C
lim sup
|ϕ(zn)|→1
|g(zn)ϕ
′(zn)|
(1− |zn|
2)β
(1− |ϕ(zn)|2)α
=
α
C
lim sup
n→∞
‖(gϕ′)ϕn‖vβ
‖zn‖vα
= C(
e
2α
)α lim sup
n→∞
(n+ 1)α‖(gϕ′)ϕn‖vβ .
Hence (33) holds.
(ii) The boundedness of VgCϕ guarantees that (gϕ
′)Cϕ : H
∞
v1
→ H∞vβ and (g
′)Cϕ : B → H
∞
vβ
are bounded weighted composition operators. Theorem 3.4 in [15] ensures that
‖g′Cϕ‖e,B→H∞vβ
≍ lim
|ϕ(z)|→1
(1− |z|2)β |g′(z)| log
2
1− |ϕ(z)|2
.
Now we use Lemma 2.4, 2.5 and (29) to conclude that
‖VgCϕ‖e,Z→Zβ ≤ ‖g
′Cϕ‖e,B˜→H∞vβ
+ ‖g(ϕ′)Cϕ‖e,H∞v1→H
∞
vβ
≤ C lim sup
n→∞
‖(gϕ′)ϕn‖vβ
‖zn‖v1
+ C lim sup
n→∞
‖g′ϕn‖vβ
‖zn‖vlog
= C lim sup
n→∞
(log n)‖g′ϕn‖vβ +
Ce
2
lim sup
n→∞
(n+ 1)‖(gϕ′)ϕn‖vβ
≤ Cmax{lim sup
n→∞
(n+ 1)‖(gϕ′)ϕn‖vβ , lim sup
n→∞
(log n)‖(g′)ϕn‖vβ}.
On the other hand, let {zn} be a sequence in D such that |ϕ(zn)| >
1
2 and |ϕ(zn)| → 1 as
n→∞. Given
hn(z) =
h(ϕ(zn)z)
ϕ(zn)
(log
2
1− |ϕ(zn)|2
)−1 − (
∫ z
0
log3
2
1− ϕ(zn)ω
dω)(log
2
1− |ϕ(zn)|2
)−2, (3.8)
where h(z) = (z − 1)((1 + log 21−z )
2 + 1). From [6] we know that {hn} is a bounded sequence
in Z01 which converges to zero uniformly on compact subsets of D, and
h′′n(ϕ(zn)) =
−ϕ(zn)
1− |ϕ(zn)|2
, h′n(ϕ(zn)) = 0, sup
n
‖hn‖Z < +∞.
For every compact operator T : Z → Zβ , we have ‖T (hn)‖Zβ → 0 as n→∞. By Lemma 2.4
and 2.5, we obtain that
C‖VgCϕ − T‖Z→Zβ ≥ ‖VgCϕhn‖Z→Zβ ≥ lim sup
n→∞
(1− |zn|
2)β ||g(zn)ϕ
′(zn)|
|ϕ(zn)|
1− |ϕ(zn)|2
≥ lim sup
n→∞
‖(gϕ′)ϕn‖vβ
‖zn‖v1
=
e
2
lim sup
n→∞
(n + 1)‖(gϕ′)ϕn‖vβ .
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Now we take another function
fn =
h(ϕ(zn)z)
ϕ(zn)
(log
2
1− |ϕ(zn)|2
)−1. (3.9)
From [6] we know that {fn} is a bounded sequence in Z
0
1 which converges to zero uniformly
on compact subsets of D, and sup
n≥1
‖fn‖Z < +∞. It follows from Lemma 2.4 and 2.5 that
C‖VgCϕ‖e,Z→Zβ ≥ lim
n→∞
sup ‖VgCϕfn‖Zβ ≥ lim sup
n→∞
(1− |zn|
2)β|g′(zn)| log
2
1− |ϕ(zn)|2
− lim sup
n→∞
(1− |zn|
2)β|(g(zn)ϕ
′(zn)|
|ϕ(zn)|
1− |ϕ(zn)|2
.
Noting that lim sup
n→∞
(n+ 1)‖(gϕ′)ϕn‖vβ ≤
2C
e
‖VgCϕ‖e,Z→Zβ , we obtain
(C +
2C
e
)‖VgCϕ‖e,Z→Zβ ≥ lim sup
|ϕ(zn)|→1
(1− |zn|
2)β |g′(zn)| log
2
1− |ϕ(zn)|2
= lim sup
n→∞
(log n)‖(g′)ϕn‖vβ .
Hence we have ‖VgCϕ‖e,Z→Zβ ≥ Cmax{lim sup
n→∞
(n+ 1)‖(gϕ′)ϕn‖vβ , lim sup
n→∞
(log n)‖(g′)ϕn‖vβ}.
(iii) Let α > 1. The proof of the upper bound is similar to that of (ii). From the proof of
(i), we get that for some constant C ,
C‖VgCϕ‖e,Zα→Zβ ≥ lim sup
|ϕ(z)|→1
|g(z)ϕ′(z)|
(1− |zn|
2)β
(1 − |ϕ(z)|2)α
. (3.10)
Now, let {zn} be as before and note that the function fn = fϕ(zn) given in (9). Then
{fn} is bounded sequence in Z
α
0 converging to zero uniformly on compact subsets of D ,
therefore
C‖VgCϕ‖e,Zα→Zβ ≥ lim
n→∞
‖VgCϕ(fn)‖Zβ
≥ 2α lim sup
n→∞
(1− |zn|
2)β
(1− |ϕ(zn)|2)α−1
|g′(zn)| − lim sup
n→∞
(1− |zn|
2)β |g(zn)ϕ
′(zn)|
|ϕ(zn)|(1 − |ϕ(zn)|2)α
.
By (38), we have
C‖VgCϕ‖e,Zα→Zβ ≥ lim sup
n→∞
(1− |zn|
2)β
(1− |ϕ(zn)|2)α−1
|g′(zn)|,
and the rest of the proof is similar to that of the previous, we omit it .
Theorem 3.2 Let ϕ be an analytic self-map of D and g ∈ H(D) , and CϕUg : Z
α → Zβ is a
bounded operator.
(i) If 0 < α < 1, then
‖CϕUg‖e,Zα→Zβ = 0. (3.11)
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(ii) If α = 1, then
‖CϕUg‖e,Z→Zβ ≍ lim
n→∞
sup(log n)‖((g′ ◦ ϕ)(ϕ′)2)ϕn‖vβ . (3.12)
(iii) If 1 < α < 2, then
‖CϕUg‖e,Zα→Zβ ≍ lim
n→∞
sup(n+ 1)α−1‖((g′ ◦ ϕ)(ϕ′)2)ϕn‖vβ . (3.13)
(iv) If α = 2, then
‖CϕUg‖e,Z2→Zβ ≍ max{ lim
n→∞
sup(n+ 1)‖((g′ ◦ ϕ)(ϕ′)2)ϕn‖vβ ,
lim
n→∞
sup(log n)‖((g′′ ◦ ϕ)(ϕ′)2 + (g′ ◦ ϕ)(ϕ′′))ϕn‖vβ}.
(3.14)
(v) If α > 2, then
‖CϕUg‖e,Zα→Zβ ≍ max{ lim
n→∞
sup(n+ 1)α−1‖((g′ ◦ ϕ)(ϕ′)2)ϕn‖vβ ,
lim
n→∞
sup(n+ 1)α−2‖((g′′ ◦ ϕ)(ϕ′)2 + (g′ ◦ ϕ)(ϕ′′))ϕn‖vβ}.
(3.15)
Proof (i) For the compactness of ((g′ ◦ ϕ)(ϕ′)2)Cϕ , the arguement is similar to the proof of
Theorem 3.1(i), then we have ‖((g′ ◦ϕ)(ϕ′)2)Cϕ‖e,Bα→H∞vβ
= 0. Hence by (31) and Lemma 2.3,
we get that ‖CϕUg‖e,Zα→Zβ = 0.
Next we will prove (ii). The boundedness of CϕUg guarantees that ((g
′ ◦ ϕ)(ϕ′)2)Cϕ :
B → H∞vβ and ((g
′′ ◦ ϕ)(ϕ′)2 + (g′ ◦ ϕ)(ϕ′′))Cϕ : Z → H
∞
vβ
are bounded weighted composition
operators. We know that if uCϕ : Z → H
∞
vβ
is a bounded operator, then uCϕ is a compact
operator by Lemma 2.3. Hence we consider the boundedness of CϕUg : Z → Z
β just consider
that ((g′ ◦ ϕ)(ϕ′)2)Cϕ : B → H
∞
vβ
is a bounded operator.
Theorem 3.4 in ([15]) ensures that
‖((g′ ◦ ϕ)(ϕ′)2)Cϕ‖e,B→H∞vβ
≍ lim
|ϕ|→1
(1− |z|2)β|g′(ϕ(z))(ϕ′(z))2| log
2
1− |ϕ(z)|2
,
From (31), Lemma 2.4 and 2.5, we have
‖CϕUg‖e,Z→Zβ ≤ C lim sup
n→∞
‖((g′ ◦ ϕ)(ϕ′)2)ϕn‖vβ
‖zn‖vlog
= C lim sup
n→∞
(log n)‖((g′ ◦ ϕ)(ϕ′)2)ϕn‖vβ
In order to prove ‖CϕUg‖e,Z→Zβ ≥ lim sup
n→∞
(log n)‖((g′ ◦ ϕ)(ϕ′)2}, we take the function
gn(z) =
ϕ(zn)z − 1
ϕ(zn)
(
(1 + log
1
1− ϕ(zn)z
)2 + 1
)
(log
1
1− |ϕ(zn)|2
)−1 − an, (3.16)
where
an =
|ϕ(zn)|
2 − 1
ϕ(zn)
(
(1 + log
1
1− |ϕ(zn)|2
)2 + 1
)
(log
1
1− |ϕ(zn)|2
)−1,
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and lim
n→∞
an = 0. From [18] we obtain that {gn} is a bounded sequence in Z
0
1 which converges
to zero uniformly on compact subsets of D. By a directly calculation, we have
gn(ϕ(zn)) = 0, g
′
n(ϕ(zn)) = log
1
1− |ϕ(zn)|2
.
For every compact operator T : Z → Zβ, we have ‖T (hn)‖Zβ → 0 as n → ∞. Let M =
sup
n≥1
‖gn‖Zβ . It follows from Lemma 2.5 that
M‖CϕUg − T‖e,Z→Zβ ≥ ‖CϕUgfn‖e,Z→Zβ
≥ lim sup
n→∞
(1− |zn|
2)β|g′(ϕ(zn))(ϕ
′(zn))
2| log
1
1− |ϕ(zn)|2
≥ lim sup
n→∞
‖((g′ ◦ ϕ)(ϕ′)2)ϕn‖vβ
‖zn‖v
≥ lim sup
n→∞
(log n)‖((g′ ◦ ϕ)(ϕ′)2)ϕn‖vβ .
This completes the proof.
The proof of (iii) is the same as that of Theorem 5(iii), we don’t prove it again.
(iv) Let α = 2. Applying Lemma 2.3 (ii) and Theorem 3.2 in [16], we get that
‖(g′ ◦ ϕ)(ϕ′)2Cϕ‖e,B2→H∞vβ
≍ lim sup
n→∞
(n+ 1)‖(g′ ◦ ϕ)(ϕ′)2ϕn‖vβ (3.17)
and
‖((g′′◦ϕ)(ϕ′)2+(g′◦ϕ)ϕ′′)Cϕ‖e,Z2→H∞vβ
≍ lim sup
n→∞
(log n)‖((g′′◦ϕ)(ϕ′)2+(g′◦ϕ)ϕ′′)ϕn‖vβ , (3.18)
which yields the upper bound by (31).
With the same arguements as in the proof of Theorem 2.3 and 3.1, for some constant C, we
have
C‖CϕUg‖e,Z2→Zβ ≥ lim sup
n→∞
(n+ 1)‖((g′ ◦ ϕ)(ϕ′)2)ϕn‖vβ .
On the other hand, let {zn} ⊆ D with |ϕ(zn)| >
1
2 and |ϕ(zn)| → 1 as n→∞. Let the
test function
On(z) = (1 + (log
2
1− ϕ(zn)z
)2)(log
2
1− |ϕ(zn)|2
)−1.
From [1] we obtain that {On} is a bounded sequence in Z
2
0 which converges to zero uniformly
on compact subsets of D, and
lim
n→∞
(1− |zn|
2)β |g′(ϕ(zn))(ϕ
′(zn))
2||O′n(ϕ(zn))| = 2 lim
n→∞
(1− |zn|
2)β
1− |ϕ(zn)|2
|g′(ϕ(zn))(ϕ
′(zn))
2||ϕ(zn)|
≤ C‖CϕUg‖e,Z2→Zβ .
Applying Theorem 2.3 we get
C‖CϕUg‖e,Z2→Zβ ≥ ‖CϕUg(On)‖Zβ
≥ lim
n→∞
(1− |zn|
2)β|g′′(ϕ(zn))(ϕ
′(zn))
2 + g′(ϕ(zn))ϕ
′′(zn)||On(ϕ(zn))|
− lim
n→∞
(1− |zn|
2)β|g′(ϕ(zn))(ϕ
′(zn))
2||O′n(ϕ(zn))|
≥ lim
n→∞
(1− |zn|
2)β|g′′(ϕ(zn))(ϕ
′(zn))
2 + g′(ϕ(zn))ϕ
′′(zn)| log
2
1− |ϕ(zn)|2
− 2C‖CϕUg‖e,Z2→Zβ .
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Hence
lim
n→∞
(1− |zn|
2)β|g′′(ϕ(zn))(ϕ
′(zn))
2 + g′(ϕ(zn))ϕ
′′(zn)| log
2
1− |ϕ(zn)|2
≤ C‖CϕUg‖e,Z2→Zβ .
On the other hand, the lower bound can be easily proved by Lemma 2.4 and 2.5.
If α > 2, the proof is similar to that of (iv) except that we now choose the test function
tn(z) =
(1− |ϕ(zn)|
2)2
(1− ϕ(zn)z)α
instead of On(z). This completes the proof of Theorem 3.2.
Using the same methods of Theorem 3.1 and 3.2, we can have the following results.
Theorem 3.3 Let ϕ be an analytic self-map of D and g ∈ H(D), and CϕVg : Z
α → Zβ is a
bounded operator.
(i) If 0 < α < 1 , then
‖CϕVg‖e,Zα→Zβ ≍ lim sup
n→∞
(n + 1)α‖((g ◦ ϕ)(ϕ′)2)ϕn‖vβ . (3.19)
(ii) If α = 1, then
‖CϕVg‖e,Z→Zβ ≍ max{lim sup
n→∞
(n+ 1)‖((g ◦ ϕ)(ϕ′)2)ϕn‖vβ ,
lim sup
n→∞
(log n)‖((g′ ◦ ϕ)(ϕ′)2 + (g ◦ ϕ)(ϕ′′))ϕn‖vβ}.
(3.20)
(iii) If α > 1 , then
‖CϕVg‖e,Zα→Zβ ≍ max{lim sup
n→∞
(n+ 1)α‖((g ◦ ϕ)(ϕ′)2)ϕn‖vβ ,
lim sup
n→∞
(n+ 1)α−1‖((g′ ◦ ϕ)(ϕ′)2 + (g ◦ ϕ)(ϕ′′))ϕn‖vβ}.
(3.21)
Theorem 3.4 Let ϕ be an analytic self-map of D and g ∈ H(D) , and UgCϕ : Z
α → Zβ is a
bounded operator.
(i) If 0 < α < 1 , then
‖UgCϕ‖e,Zα→Zβ = 0. (3.22)
(ii) If α = 1, then
‖UgCϕ‖e,Z→Zβ ≍ lim sup
n→∞
(log n)‖((g′ϕ′)ϕn‖vβ}. (3.23)
(iii) If 1 < α < 2, then
‖UgCϕ‖e,Zα→Zβ ≍ lim sup
n→∞
(n+ 1)α−1‖((g′ϕ′)ϕn‖vβ}. (3.24)
(iv) If α = 2, then
‖UgCϕ‖e,Z2→Zβ ≍ max{lim sup
n→∞
(n+ 1)‖((g′ϕ′))ϕn‖vβ , lim sup
n→∞
(log n)‖(g′′)ϕn‖vβ}. (3.25)
(v) If α > 2, then
‖UgCϕ‖e,Zα→Zβ ≍ max{lim sup
n→∞
(n+1)α−1‖((g′ϕ′))ϕn‖vβ , lim sup
n→∞
(n+1)α−2‖(g′′)ϕn‖vβ}. (3.26)
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